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                                                          Abstract 
In this paper, we modelled the equation of pendulum: categorized into three types as 

without damping and without forcing, damping and without forcing and finally 

damping and forcing. A numerical approach was used to solve the equation of the 

oscillator and the methods were compared.  It was shown that analytical solution is 

periodic, portraying that maximum angles are all the same and minimum angles are 

equaling all the same also. It was discovered that the damping effect can be minimized 

by reducing the oscillation frequency from 1 to a value known as  . Finally, a phase 

portraits was generated to show that period doubling chaotic behavior occurs as the 

amplitude of the driving force of a damped driven pendulum is increased. The results 

of our simulations were obtained from MATLAB.   
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1. INTRODUCTION 

An equation involving an unknown function and its derivative is known as a differential 

equation. Many problems emanating from sciences and engineering are usually described by 

differential equations.  (Debela H. G. , Yadeta H. B. and Kejela S. B., 2017). Application of first 

– order differential equations are commonly found in systems like growth and decay problem, 

dilution, falling and temperature problems etc. Newton’s second law of motion exhibit systems 

of second order differential equations commonly found in Physics and engineering. In such laws 

describing mechanical systems, wave motion, electrical currents and quantum dynamics 

exemplify second – order differential equation also. 

 The simple pendulum equation is presented at first as linear leading to the non – linear equation. 

Although, non – linear equations, present better behavioral oscillation of the real system than 

linear systems (Saroja G. and Nurivah L., 2019). Its motion in particular is worth studying as it 

exhibits many interesting behaviors such as oscillatory patterns, linear, non –linear equations and 

chaos. The assumption used to study the simple oscillation is to consider the initial deviation  
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value to be quite small so that the angle value of the deviation from equilibria position of        

to be equivalent to  , showed in equation (4).  

The physical stabilities of the damped, driven pendulum has been discussed in detail (Abegye, S. 

Y., Aku D.H and Alhamdu A. M., 2019). It was showed that the simple pendulum exhibits 

asymptotical stability at the origin and unstable outside the origin. The study affirmed that the 

oscillation of the system was dominate by small increase in its parameters, Hatvani L. (2008). 

In this paper, we analyzed this system using three numerical methods and compared their 

solutions. Also, we give a brief review of the consequence of the effect of varying some 

parameters and the forced damped pendulum. We first  treat this problem by reducing second 

order differential to first order as  (Muradova D., 2014)  handled the       order  differential 

equation. 

2. METHODOLOGY 

2.1 DEFINITION 

Consider an    order differential equation system written in the form: 
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 with the following initial conditions             
        

                            
      

Equation (1) can be written as   first order coupled equation as: 

                                                      
        

with the initial value problem for the system 
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Also equation (1) can be written as an   – order  linear differential equation in the form: 

 

      

   
              

     

  
                   

     

     
      

Reformulated as (Atkinson K., Han W. and D. Stawart, 2009) 
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3 The simple Pendulum 

In accordance with Newton’s Second Law of motion, the equation of a simple pendulum is given 

as  

 
   

   
                 (3)  

where   is the angle that the simple pendulum makes with the vertical,   is the length of the 

pendulum and       describes the downward direction of the acceleration due to gravity of the 

bob. Consider that angles   is small so that we can linearize the problem then       , and that 

the unit of time is chosen such that √ 
 ⁄    is unity, hence  the equation becomes: 

   

   
                 (4) 

Air resistance adds a damping term (  ) to the velocity, which gives a linear – homogenous 

equation known as a damped pendulum equation written as 

   

   
   

  

  
                 (5) 

Applying the forcing at frequency   with amplitude forcing   gives a damped, driven pendulum 

equation as 

   

   
    

  

  
                        (6) 

 

4 Analytical solution of the Simple Pendulum Equations 

We categorized the equation of the pendulum into three components as follows: without 

damping and forcing (4), damping and without forcing (5) and damping and forcing (6). 

Equations (4) and (5) are linear – homogeneous and (6) is non – homogenous or nonlinear 

equation. The general solution of (4), (5) and (6) can be found to be: 

                {
                          

                                
         (7) 

where    √      

                                                                       (8) 

where    
 

             
 

 

5 Numerical solution of the Simple Pendulum Equations 

5.1 The simple Euler method 

The Euler method is the first and common approach used numerically for solving ode. Choosing 

initial values for   and  . Applying Taylor series expansion to obtain these values after some 

time and neglecting the term of second and higher orders, the following equations are obtained 
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            ,                            (9) 

These equations have error terms of       and higher terms. 

5.2 Euler – Cromer  

Euler method had been known for solving differential equations numerically, the solutions are 

incapable to conserve energy and fosters increase in total energy over time  (Atkinson K., Han 

W. and D. Stawart, 2009). This can be overcome, if we introduce the Euler – Cromer’s method 

by modifying our system of ODE as seen below. 
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                                                                  (11) 

           

The pendulum equations form 4,5 & 6 can now be rewritten as: 

                       ;             ;                        (12)  

    

5.3 Runge – Kutta Method 

At the beginning of each time step in computation, both the Euler and Euler – methods evaluate 

the differential equation by sampling with the final error           Therefore, to improve the 

Euler method while solving a differential equation is to sample it more than once per time step. 

The Runge – Kutta method is the appropriate for this and the Euler’s method is the simplest 

method for these classes of methods for numerical solution. We shall employ Euler – Cromer 

method in congestion with RK4 method, this is necessary to sample the ODE four times per each 

time step. We used weighed average for the four samples for      and      in the Euler method 

so as to compare with equations (9,10 ) to (14, 15). The RK4 method decreases the error to 

         as a result of averaging the four times per each time steps. Our pendulum equations for 

    )and      remains as equations 11. 

Taking the step – sizes for       to be        beginning with the initial values           , then 

the Rungu – Kutta method gives 
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6 STABILITY 

6.1 Physical stability 

We consider the general form of the stability analysis of the simple pendulum system. The 

interested differential equation for this analysis is  

   

   
   

  

  
               ̇      ̇       (16) 

 

where      and is a constant. Considering the two equilibrium points of the equation at  

       where the pendulum is at rest and hangs straight downward and       , the simple 

pendulum is at albeit rest and stands straight upward. At these points the linearized equations at 

        and        are  

   

   
   

  

  
                  (17) 

   

   
   

  

  
                 (18) 

The roots to the characteristics equations (16) and (17) are         √      and       

   √     . The system of equation (16) are both negative real number for       or 

complex roots with negative real parts when     . Therefore, the system is said to be stable 

oat this equilibrium point. For the system in equation (17), it has both real – value with negative 

and positive number hence unstable. 

 

6.2 Numerical stability 

We proceed to consider the numerical stability of pendulum using Euler and Runge – Kutta 

methods relative to the equilibrium solution                   . The eigenvalues for the 

matrix in the linearized form is given as      √     where     . Considering the 

modeled equation,  

   ̇     

Using the Euler method equation (9); 

                       

with characteristic polynomial of  

              

with single root        therefore, stability for system would be possible if  |    |    

For the Runge – Kutta method, the linearized equation is given as           and has a general 

representation as 

     [       
 

 
        

 

 
        

 

  
      ]            

This gives a characteristic polynomial as 
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with single root         which implies that the stability is enhance if  |     |    

 

7 RESULTS 

7.1 Simulation Methods 

We will begin the simulation by considering the solutions of without damping and forcing, 

damping and without forcing and damping and forcing using the Euler method as case 1. The 

second case will be comparing the numerical methods for solving the pendulum equation of both 

the linear and non – linear equations of the simple pendulum.  

 

Case 1: The simple Pendulum using Euler method for equations  

 
Figure 1: Graphs of      and      for         

The diagrams plotted compares Euler method (in mixture of orange, blue & pink) and the 

analytical method (in red) of the simple pendulum. It can be seen that the system undergo 

oscillation with time in all cases. Clearly, the cumulative error influencing the solution impede 

the accuracy of the solution. Euler’s method shows that the amplitude of the oscillations is 

growing with time while the analytical solution shows that the amplitude is constant which was 

done by varying the initial condition of the system 

(         )                                It can be observed that analytical solution is 

periodic, indicating that maximum angles are all the same and minimum angles are all the same. 

Also, the time between two consecutive zeroes constant.  
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Case 2: Solution of simple pendulum without damping and without forcing. 

 
Figure 2: Comparison of the solutions of pendulum using Euler, Euler – Cromer, RK methods and ODE 45 solver with       . 

The simulation in figure 2, shows that the oscillations grows with time using the Euler method, 

while the other methods shows that the oscillations grows with time and the simple pendulum is 

swinging at the steady state with same numerical solutions. The Euler’s method shows instability 

of the method. It is evidently clear that the three methods are more accurate in approximation of 

the pendulum solution than the Euler’s method.  

Case 3: Iteration solutions un – damped, damped, driven  Pendulum using Euler’s method   
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Figure 3: The plot of generated solutions of un – damped (1), damped (2) and damped driven (3) 

pendulum, with               

 

The first curve (1) shows the absence of damping as the graph exhibit a steady amplitude of 

oscillation proportional to the given time. The second graph (2), fluctuate with irregular 

oscillation and decay at a long run. It was observed that       the damping was not too large 

and at larger damping constant     the faster the decay of the oscillation. We observed that the 

damping effect can be minimized by reducing oscillation frequency from 1 to           

√      . The third curve (3) possesses damping and has a driving forcing which oscillate by 

itself. The amplitude in this case grows increasingly to a constant value. This final steady state 

response is largest when the forcing frequency is close to the resonant (Acheson, 2010). Table 1 

and 2 shows the iteration solutions of curves (1), (2) and (3) indicating a decreasing values of 

solutions for each iteration counts. 

 

Case 4: Solution of Damped Pendulum using Euler – Cromer method 

 

 
Figure 4: Plot undamped pendulumwith           Figure 5: Graph of Damped with         
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Figure 6:The graph of Damped and forcing with       

 

Figures 4, shows the image of undamped pendulum with steady oscillations which implies that 

the  pendulum is swinging at a steady state. Hence, with a little more energy the pendulum will 

be at the top. Figure 5 and 6 shows the angles of these are damped over time causing the 

oscillations to damped. At this junction, the pendulum swings at high amplitudes allowing 

increasingly steady oscillations. The time between two consecutive zeros in this method is 

significantly increasing over time. 

 

Case 5: Approximation of non – linear, damped, driven pendulum: the pendulum using 

Euler – Cromer method 

 

 

 
 

Figure 7 : Results from physical pendulum, using Euler – Cromer method,               

and        
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Figure 8: The phase plot of the physical pendulum with             and        

 
Figure 9 : Chaotic behavior of damped, driven pendulum when              and        

Figures 7, 8 and 9 above are phase portraits describing the behavior of a damped driven 

oscillator, with   plotted against  , for the following values amplitudes, 0.01, 0.5, 1.5. It can be 

seen from the figures that sufficiently large the period doubles. When the amplitude attends a 

value of 1.5, chaotic behavior can be observed over a longer time interval as seen in Figure 9. 
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Table 1:  The convergence of without damping and with damping 

1: Without Damping  

Iteration count Time                   

1 0.1000 0.5000 - 0.5000  

2 0.2000 0.4950 - 0.0995  

3 0.3000 0.4850 - 0. 1480 

4 0.4000 0.4702 - 0.1950 

5 0.5000 0.4507 - 0.2401 

6 0.6000 0.4267 - 0.2828 

7 0.7000 0.3985 - 0.3226 

8 0.8000 0.3662 - 0.3592 

9 0.9000 0. 3303 - 0.3923 

10 1.0000 0.2910 - 0.4214 

2: With Damping and without Forcing 

1 0.1000 0.5000 - 0. 5000 

2 0.2000 0.4950 - 0. 0985 

3 0.3000 0.4851 - 0. 1450 

4 0.4000 0.4706 - 0. 1892 

5 0.5000 0.4517 - 0. 2306 

6 0.6000 0.4287 - 0. 2689 

7 0.7000 0.4018 - 0. 3037 

8 0.8000 0.3714 - 0. 3347 

9 0.9000 0.3379 - 0. 3618 

10 1.0000 0.0318 - 0. 3848 

 

 

 

Table 2: The convergence of the damping and forcing   

3: Damping and Forcing 

Iteration count Time                   

1 0.1000 0.5000 - 0.0002 

2 0.2000 0. 5000 - 0. 0012 

3 0.3000 0. 4999 - 0. 0034 

4 0.4000 0. 4995 - 0.0073 

5 0.5000 0. 4988 - 0.0131 

6 0.6000 0. 4975 - 0.0213 

7 0.7000 0. 4953 - 0.0322 

8 0.8000 0. 4921 - 0.0459 

9 0.9000 0. 4875 - 0.0627 

10 1.0000 0. 4813 - 0. 0825 
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Discussions and Conclusion 

We have shown that the analytical solution of the pendulum experienced periodicity which is 

obvious that all maximum angles are the same and the same analogy applies to the minimum 

angles too. It was established that using Euler’s and Euler – Cromer methods to check for 

damping in on un – damped pendulum equation shows absence of damped – ness. This implies 

that the  pendulum is swinging at its steady state. The effect of damping was observed when  

     the damping was not too large and pronounce when damping constant     is large. We 

observed that the damping effect can be minimized by reducing oscillation frequency from 1 to 

 . The damped driven pendulum equation possesses damping and driving forcing that oscillate 

by itself that account for resonance.  

 

It was shown that Euler – Cromer and Runge – Kutta methods are equally accurate and superior 

algorithm than Euler’s method for small angles. It is certain to create phase portraits to show that 

period doubling chaotic behavior that occurs as the amplitude of the driving force of a damped 

driven pendulum is increased. 
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